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We develop a novel method to extract key cosmological information, which is primarily carried
by the baryon acoustic oscillations (BAO) and redshift space distortions (RSD), from spectroscopic
galaxy surveys, based on a joint principal component analysis (PCA) and Karhunen-Loe`ve (KL)
data compression scheme. Comparing to the traditional methods using the multipoles or wedges of
the galaxy correlation functions, we find that our method is able to extract the key information
more efficiently, with a better control of the potential systematics, which manifests it as a powerful
tool for clustering analysis for ongoing and forthcoming galaxy surveys.
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Introduction. The effects of baryon acoustic oscilla-
tions (BAO) [1, 2] and redshift space distortions (RSD)
[3, 4], which shape specific three-dimensional clustering
patterns of galaxies, can be used for probing the back-
ground expansion and the structure growth of the uni-
verse respectively; these are crucial for cosmological stud-
ies, including tests of dark energy or gravity theories
[5, 6]. This makes measurements of BAO and RSD one
of the key science drivers of massive spectroscopic galaxy
surveys [7–16].
The two-point clustering of galaxies, which contains
primary information of BAO and RSD, is generically
quantified by either the anisotropic correlation function
(CF) ξ(s, µ), or power spectrum (PS) P (k, µ), where s
and k denote the separation of pairs in the configura-
tion space or Fourier space, respectively, and µ is the
cosine of the angle between the line of sight (LOS) and
either the separation vector of two tracers or the wave
vector. CF or PS can be represented by a combination
of multipoles of various orders, and it was found that us-
ing the monopole and quadrupole are almost sufficient
for a measurement of the anisotropic BAO [17]. For a
joint BAO and RSD measurement, it is a common prac-
tice to include the hexadecapole in the analysis, which is
the highest non-vanishing multipole on linear scales [3].
Higher-order moments may also be informative due to
nonlinear effects including the mode coupling, but those
moments are rarely used in actual analysis, since they
may be contaminated by observational systematics. Ide-
ally, we seek a way to extract maximal information for
BAO and RSD from the clustering of galaxies, with a
minimal level of systematics.
It is true that observational systematics may only con-
taminate specific µ modes in most cases, e.g., the trans-
verse mode (µ ' 0) due to observational effects such as
seeing, extinction, airmass, etc., and the radial mode
(µ ' 1) due to uncertainties in redshifts z, which is more
relevant for high-z observations. However, all the multi-
poles can be contaminated because the Dirac-δ function
survives the Legendre expansion at all even multipole or-
ders [18]. The systematics in the contaminated modes can
be removed from ξ(s, µ) by cutting specific CF “wedges”
[19], but this throws away signals in those modes as well.
One widely-used approach to separate the “signal”,
which is the long-wavelength modes carrying most of the
cosmological information, from the “noise”, the short-
wavelength modes that may be dominated by systemat-
ics, is to perform a principal component analysis (PCA)
[20, 21] on the measured two-point statistics. As we shall
discuss, a PCA manipulation not only extracts the infor-
mative modes from the measured ξ(s, µ) efficiently, and
a joint PCA and Karhunen-Loe`ve (KL) compression [22]
also identifies the key modes for BAO and RSD specifi-
cally, which is generally helpful for the design and opti-
mization of galaxy surveys.
Based on a joint PCA and KL scheme, we develop an
efficient method to extract key cosmological information
for BAO and RSD from galaxy surveys, with possibly
least systematics, and demonstrate our methodology us-
ing the mock and galaxy samples of the Baryon Oscilla-
tion Spectroscopic Survey (BOSS) data release (DR) 12
[23, 24].
Methodology. Let C be the data covariance
of the two-point CF of the galaxies, with entries
Cij ≡ 〈[ξ(si)− ξ¯(si)][ξ(sj)− ξ¯(sj)]〉1, we then diagonal-
ize C, namely,
C = WTΛW, (1)
where the diagonal matrix Λ and the decomposition
matrix W store the eigenvalues λ and the orthonor-
mal eigenvectors e(s), respectively. The observed data
1 Note that this expression is general for both the isotropic CF
(i.e., the monopole of CF), where ξ(s) = ξ0(s), s ≡ |s|, and for
the anisotropic CF where ξ(s) = ξ(s, µ). For the former case, the
indices denote the discretized ξ in bins of s, while for the latter,
the indices mark the pixillized ξ in s and µ.
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2vector ξobs(s) can then be expanded in e(s), with
the ith expansion coefficient and its uncertainty being
γi = ξ
obs(s) · ei(s) and σ(γi) =
√
λi, respectively. Then
we demonstrate that almost all the information in ξ(s)
can be extracted using a small fraction of the γ’s with
the largest variances, which are uncorrelated variables
by construction, as observables.
Generally, the eigenvectors can be used to recon-
struct various kinds of observables, including the original
anisotropic CF, namely,
ξ(s, µ) =
M∑
i=1
γi ei(s, µ), (2)
and the widely-used CF multipoles and wedges,
ξI(s) =
1
NI
M∑
i=1
γi ei,I(s), (3)
where
ei,I(s) =
∫ µmax
µmin
dµ ei(s, µ)SI(µ). (4)
Note that for the CF multipoles, SI(µ) are the
Legendre polynomials, P`(µ), NI = 2/(2`+ 1) and
µmin = −1, µmax = 1. For the wedges, SI(µ) = 1,
NI = µmax − µmin. The covariance between the dis-
cretized s bins can then be evaluated as,
cov [ξI(sp), ξI′(sq)] =
1
NINI′
M∑
i=1
λi ei,I(sp)ei,I′(sq). (5)
From Eqs. (2)-(5), we can see that the PC modes form
a natural reservoir to store the information for ξ(s, µ),
which enables a quick comparison of results derived from
various kinds of observables. Specifically, the Fisher infor-
mation matrix for the parameters θa and θb using ξ(s, µ)
(reconstructed using the first M ′ PC modes) as observ-
ables reads,
Fab ≈
M ′<M∑
i=1
γai γ
b
i
λi
, γai =
∂γthi
∂θa
, (6)
where γthi denotes the ith expansion coefficient of the
theoretical CF, i.e., γthi = ξ
th(s, µ) · ei(s, µ). The Fisher
matrices using multipoles or wedges can be obtained
similarly, and are simply algebraic expressions including
γai , γ
b
i , λi, and ei,I. This makes it straightforward to de-
rive parameter constraints from the multipoles or wedges
without starting from scratch.
As we shall demonstrate later, using a small fraction of
the PC modes is sufficient to extract almost all the infor-
mation we seek for a cosmological analysis. Moreover, the
selected PC modes can further be compressed using the
KL method, with almost no loss of information for the
parameters we are interested in, and it can also highlight
the key informative modes for the specific parameters we
aim to constrain.
We seek a transformation matrix V that compresses
the γ’s without loss of information, which means that
the data vector ΓV contains the same information as Γ,
i.e.,
ΓV ≡ VTΓ, Γ ≡ [γ1, γ2, ..., γM ′ ]T , CV ≡ VTΛV ,(7)
where CV is the covariance matrix for Γ
V. Mathemati-
cally, this compression is lossless if [22],
V = Λ−1D ,D ≡
[
∂Γ
∂θ1
,
∂Γ
∂θ2
, ..,
∂Γ
∂θp
]
. (8)
Note that the compressed γ’s can also be obtained by a
direct projection of the measured anisotropic correlation
function ξ(s), e.g., for a given parameter p,
γVp = e
V
p · ξ(s), eVp ≡
(
Λ−1
∂Γ
∂θp
)
e. (9)
The role of the vector eVp is to extract all the relevant
information content for parameter p from ξ(s) into one
single number, thus the shape of γVp can be used for
the optimization of galaxy surveys for the concerning pa-
rameter. It is straightforward to generalize to cases with
multiple parameters, in which eV has multiple columns
(one for each parameter). In this case, however, a certain
level of redundancy may exist, as the vectors eVp for dif-
ferent parameters are not guaranteed to be orthogonal
modes. One means of compressing the information fur-
ther is to perform a singular-value-decomposition (SVD)
of eVp , viewed as a matrix, and only keep the most im-
portant components, i.e. those vectors with the largest
singular values [22]. However, we shall not do this: the
KL step has already achieved sufficient compression for
practical purposes, and also we do not wish to lose the
physical interpretation of each eVp mode as directly re-
lated to a given parameter.
Demonstration. Here we present a demonstration of
the method we developed, using the mock and actual
galaxy catalogs in the BOSS DR12 [23, 24]. We start from
a measurement of the isotropic BAO distance scale in a
redshift range of z ∈ [0.40, 0.55], using ξ0, the monopole
of the CF. A BAO analysis in this redshift slice has been
performed using the same galaxy sample [25], which can
be used for direct comparison.
We measure ξ0 from 2048 realizations of the Patchy
mock catalogs [24], from which we evaluate the data co-
variance matrix C. We then perform a PCA of C using
Eq. (1), and show the first four and the last two eigen-
vectors (ordered by the variances) in panel (A) of Fig. 1.
As shown, the first few modes with the largest variances,
which are expected to carry most of the signal in data,
are rather smooth, while the last few noisy modes have
the least variances.
We use the same template as in the DR12 anal-
ysis, i.e., ξth0 (s) = B
2ξ0(αs) + a1/s
2 + a2/s+ a3, where
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FIG. 1. panel (A): The first four (with largest variances) and the last two (with least variances) eigenvectors of the data
covariance matrix for the monopole of the galaxy correlation function; (B): The forecasted FoM of the isotropic BAO parameter
α, as a function of the number of total reordered PC modes used. The FoM is normalized so that it is exactly 1 if all the PC
modes are used; (C): A comparison between the measured ξ0 (black curves with the 68% CL error bars) and the reconstructed
ξ0 from the first ten PC modes (white curve with a blue band showing the 68% CL uncertainty); (D): The projection vector
for the α parameter eVα , as defined in Eq (9).
α =
[
DV (z)r
fid
d
]
/
[
DfidV (z)rd
]
is a dilation factor, describ-
ing a shift in the isotropic volume distance, DV (z). B
denotes the bias factor, and a1, ..., a3 are co-varied to
marginalize over the broad-band shape. Instead of using
ξ0 as observables as in [25], we use the γ’s, the coef-
ficients of the PC modes. To determine how many PC
modes are sufficient to extract most of the information
for α, we first perform a forecast using the Fisher matrix,
with free parameters including Θ ≡ {α,B2, a1−3}.
Observable Ndata Mocks DR12 Galaxies
ξ0(s) 20 1.0033± 0.0229 1.0234± 0.0198 [25]
γ’s 10 1.0034± 0.0226 1.0224± 0.0201
TABLE I. The constraints on α using ξ0 and the PC modes
as observables, respectively.
We find that the original PC modes ordered by the
variance of each mode, contribute to the Figure of Merit
(FoM) [26] following almost the same order. In Panel (B)
of Fig. 1, we show the forecasted FoM of α, which is
simply 1/σ(α), with other parameters marginalized over,
as a function of the re-ordered PC modes. It is evident
that the FoM starts to saturate with M ′ = 10 modes,
which is half of the total number of data points in the
traditional analysis 2. A direct comparison of the con-
straint on α using these two approaches is presented in
Table I. As shown, the PCA approach returns almost an
identical result to the traditional method, with the num-
ber of data points halved. This means that the last ten
PC modes carry almost no information on α, and they
2 We use ξ0 from s = 50 to 150h−1Mpc with the bin width of
∆s = 5h−1Mpc, such that there are 20 data points in the tradi-
tional analysis, or 20 PC modes in total, as in [25].
are also likely to be subject to observational systemat-
ics. A reconstruction of ξ0(s) using the first ten informa-
tive modes is shown in panel (C) of Fig. 1, which is a
slightly smoothed version of the original measurement,
with all the key features retained and uncertainty almost
unchanged.
To illustrate where the key information for α stems
from, we plot the projection vector eVα , which is intro-
duced in Eq. (9), in panel (D) of Fig. 1. This vector
effectively picks up information in ξ0 in the range of
[80, 130] h−1Mpc in a specific way, i.e., by contrasting
ξ0 around 105 h
−1Mpc, where the BAO peaks.
In what follows, we consider the most general case,
in which the anisotropic CF ξ(s, µ) is used as the
raw observable, measured on a Ns ×Nµ grid 3 from
the same BOSS DR12 catalogues, but in a wider
redshift range (0.5 < z < 0.75) to enhance the signal.
Given the number of data points and mocks avail-
able, we chose to use a semi-analytic approach to esti-
mate the data covariance matrix in the presence of a
non-uniform survey window function, with the tool of
RascalC [27, 28]. In this approach, the covariance ma-
trix Cij,k` ≡ 〈ξ(si, µj)ξ(sk, µ`)〉 − 〈ξ(si, µj)〉〈ξ(sk, µ`)〉 is
calculated using the galaxy and random catalogues as an
input, with the non-Gaussian contribution approximated
via a jackknife-rescaled inflation of shot-noise, which is
shown to work well on cosmological analyses including
the determination of the BAO scale. [28–30].
As we did for ξ0, we perform a PCA on Cij,k` us-
ing Eq. (1), and use the coefficients of the PC modes
as observables to constrain BAO and RSD param-
eters in the set Θ ≡ {α⊥, α||, F1, f, F2, σFoG}, where
the scaling parameters α⊥ ≡
(
DAr
fid
d
)
/
(
DfidA rd
)
and
3 Ns = (150− 25)/5 = 25 and Nµ = (1− 0)/0.05 = 20, denote
numbers of the s and µ bins, respectively.
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FIG. 2. Panel (A): The FoM of {α⊥, α||, F1, f} derived from various numbers of the total PC modes. The PC modes are
re-ordered by the contribution of each mode to the FoM, and the FoM has been normalized so that it is unity using all the
modes. The upper horizontal line shows the FoM using all the PC modes, and the lower line shows the FoM using the monopole
and quadrupole only; (B): same as (A) but with α⊥ = α|| = 1; (C): A scatter plot showing the correspondence between the re-
ordered PC modes and the original PC modes. Different shapes represent the FoM for each parameter. For each parameter, the
size of the symbols is proportional to the values of the FoM. The diagonal line shows the situation in which the modes ordered
by the variance contribute to the FoM in the same order; (D): The optimal weights for various parameters, Vp ≡ Λ−1∂Γ/∂θp,
as shown in Eq. (8). The weights are arbitrarily offset for illustration, and the horizontal lines show Vp = 0.
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FIG. 3. The first ten eigenvectors of the data covariance matrix for the anisotropic CF ξ(s, µ). To quantify the information
content in each mode for the cosmological parameters, we use each PC mode to constrain the four parameters (one at a time),
and compute the efficiency of each mode to constrain each of the parameters. For each mode, we show the most relevant
parameter, followed by the one(s) that are less relevant. See text for more details.
α|| ≡
(
Hfidrfidd
)
/ (Hrd) are introduced to account for the
Alcock-Paczynski (AP) effect [31], DfidA and H
fid are the
angular diameter distance and Hubble expansion rate in
the fiducial cosmology, respectively, and rd is the sound
horizon scale at the drag epoch. The quantities F1 and
F2 are the local Lagrangian bias parameters (the Eule-
rian linear bias b is related by b = 1 + F1), f is the lin-
ear growth rate, and σFoG is used to marginalize over
the Fingers-of-God (FoG) effect on nonlinear scales. The
Gaussian Streaming model is used to link theory to ob-
servables [32, 33],
1 + ξth(s⊥, s‖) =
∫
dy√
2pi [σ212(r, µ) + σ
2
FoG]
[1 + ξ(r)]
× exp
{
−
[
s‖ − y − µv12(r)
]2
2 [σ212(r, µ) + σ
2
FoG]
}
, (10)
where s|| ≡ sµ and s⊥ ≡
√
s(1− µ2) denotes the sepa-
ration of pairs along and across the LOS, respectively,
ξ(r) is the real-space CF as a function of the real-space
separation r, v12(r) is the mean infall velocity of galax-
ies separated by r, and σ12(r, µ) is the pairwise veloc-
ity dispersion of galaxies. The quantities ξ(r), v12(r) and
5ξMQH ξ(s, µ)
PCA PCA+KL
Mocks
∆(α⊥) −0.008± 0.021 −0.002± 0.020 −0.004± 0.022
∆(α‖) 0.014± 0.033 0.002± 0.031 0.005± 0.032
∆(fσ8) −0.025± 0.041 −0.006± 0.042 −0.024± 0.043
FoM 1.0 1.0 0.9
Bias 1.0 0.22 0.83
Samples
α⊥ 0.961± 0.024 0.976± 0.023 0.970± 0.025
α‖ 1.034± 0.033 1.015± 0.030 1.019± 0.033
fσ8 0.393± 0.046 0.408± 0.045 0.387± 0.044
FoM 1.0 1.2 1.0
TABLE II. Mean and 68% CL uncertainty of the BAO and
RSD parameters derived from the averaged mocks (upper
part) and from the BOSS DR12 galaxy sample (lower). For
the mock test, we show the deviation from the expected val-
ues. For each sample, results are shown using three kinds
of observables: the monopole, quadrupole and hexadecapole
(ξMQH), the original PC modes derived from ξ(s, µ) (PCA),
and the optimally combined PC modes (PCA+KL). The FoM
and Bias are normalized using those derived from ξMQH so
that FoM (ξMQH) = Bias (ξMQH) = 1.
σ12(r, µ) are computed using the Convolution Lagrangian
Perturbation Theory (CLPT) [34, 35].
A Fisher forecast is performed to determine the num-
ber of modes required, before the actual data analy-
sis. Panel (A) of Fig. 2 shows the FoM for parameters
{α⊥, α||, F1, f} as a function of numbers of the total PC
modes used, and the modes are re-ordered by the contri-
bution of each mode to the FoM. In panel (C) of Fig. 2,
we plot the indices of the PC modes before and after the
re-ordering, and find that the modes ordered by the vari-
ance, i.e., the original PC modes, contribute to the FoM
following a similar order, which confirms that the noisy
PC modes with the smallest eigen-values are least infor-
mative for a BAO and/or RSD analysis. As illustrated,
the FoM grows quickly with the number of modes (e.g.,
only 9 modes are required to extract all the information
in ξ0 and ξ2, which are measured in 50 data points in
the traditional method), and gets saturated with ∼ 150
modes (only ∼ 25 modes are needed if the AP effect is
not considered, as shown in panel (B) of Fig. 2).
The first ten eigenvectors (e1 to e10) are shown in Fig.
3, and interesting patterns show up in these modes: (a) all
the modes are anisotropic, reflecting the fact that they all
contain information for the AP and RSD effect; (b) there
is some level of isotropy on large scale (s & 100 h−1 Mpc)
in some modes, e.g., e3 and e5, showing the impact of
BAO; (c) the complexity of features increases with the
index of modes, but a pattern exists, e.g., e1 has no node
(it does not cross zero), e2 has one node in the s|| di-
rection, e3 has one node in both s|| and s⊥ directions,
etc.
To associate these modes with the BAO/RSD param-
eters we are interested in, we compute the constraint
of each mode on each individual parameters using the
Fisher matrix technique, and identify the most relevant
parameter(s) for each mode, i.e., the parameter(s) that
are extracted with the highest efficiency from each PC
mode. In practice, we first compute the FoM of each pa-
rameter using all the modes to define FoMtot, the to-
tal information content for each parameter, then com-
pute the efficacy of using the ith mode by evaluating
FoMi/FoMtot. In Fig. 3, the most relevant parameters
are shown for each mode, e.g., the apparently anisotropic
modes e1, e2, e4, e6, e7, e9 and e10 are crucial to deter-
mine the RSD parameters fσ8 and bσ8, while the quasi-
isotropic modes e3, e5 and e8 are more useful for α⊥ and
α||.
As discussed previously, the PC modes can be opti-
mally combined in a way such that all the information
content for each parameter is stored in one single mode.
We therefore compute the optimal weights using Eqs (8)
and (9), and show the resultant modes for BAO and RSD
parameters in Fig. 4, with coefficients for the PC modes,
Vp, in panel (D) of Fig. 2. We can tell that for all the pa-
rameters, the first ten modes contribute the most to |Vp|,
and |Vp| quickly decays roughly after the 20th mode. The
parameter-specific modes in Fig. 4 are rather intuitive:
the BAO/AP modes, denoted as α⊥ and α||, have clear
ring-like structures, which are quasi-isotropic around the
BAO scale, with an anisotropy therein to reflect the role
of each parameter, i.e., the α⊥ and α|| mode shows a
pattern of upweights across and along the LOS, respec-
tively, which is as expected. The modes for fσ8 and bσ8,
however, carry a high level of anisotropy, i.e., an obvious
squashing pattern along the LOS, highlighting the RSD
effect. These modes, upon which the observed ξ(s, µ) is
projected for our analysis, along with the associated co-
variance matrix CV defined in Eq. (7), contain all the
information for the parameters of interest, and we find
that the shapes of these modes are robust against the
specifications of the survey: they are largely insensitive
to the effective redshift at which they are derived, and
to the number density of the survey at the concerning
redshift. This allows for a quick estimation of BAO and
RSD parameters from a measured ξ(s, µ).
To demonstrate our method, we apply our pipeline on
the BOSS DR12 mock and galaxy samples described ear-
lier, and present the main results in Table II and Fig. 5.
We constrain the BAO and RSD parameters using the
original PC modes (up to 150 PC modes, denoted as
‘PCA’), the optimally combined PC modes (denoted as
‘PCA+KL’), and the multipoles up to the hexadecapole
(denoted as ‘ξMQH’) for a comparison, respectively, and
find that the results are largely consistent with each
other. As demonstrated by the averaged mocks, with
the PCA approach, we are able to extract all the in-
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FIG. 4. The optimal combinations of the PC modes, eVp defined in Eq. (9), that carry all the information for the BAO and
RSD parameters, as illustrated in the legend.
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formation in ξ0, ξ2 and ξ4 quantified by the FoM using
150/500 = 30% modes. Moreover, the Bias, which is the
square root of the bias of all the parameters added in
quadrature, can be significantly reduced by a factor 4.5
by the PCA method, largely due to the fact that the noisy
modes, which can be subject to systematics, are removed
without loss of cosmological information. The PCA+KL
approach, on the other hand, retains 90% the FoM, prob-
ably due to the fact that the probability distribution of
some parameters such as σFoG are non-Gaussian, making
the compression defined in Eq. (7) sub-optimal and thus
subject to information loss to some extent. But even in
this situation, the Bias is reduced by 17%. When applied
to the BOSS DR12 sample, we find that the FoM ex-
tracted by the PC modes is 20% larger than that by the
multipoles, and the PCA+KL approach is also subject
to information loss compared to the PCA method, but it
extracts all the information in the multipoles.
Conclusion and Discussions. In this era of preci-
sion cosmology, it is challenging to perform data analysis
and cosmological implications for massive spectroscopic
surveys, not only due to the large amount of observa-
tional data we are collecting, but also to the precision of
measuring the cosmological parameters we require. This
means that we need efficient and robust methods to ex-
tract cosmological information from galaxy surveys, with
a possibly least level of systematics.
In this work, we develop a new method based on a prin-
cipal component analysis for analyzing the anisotropic
galaxy correlation functions ξ(s, µ). As we demonstrate
using mock galaxy samples, our method is an ideal tool to
meet our needs. A PCA of ξ(s, µ) can efficiently separate
the cosmological signal we seek from the noise, which is
non-informative and may be subject to systematics. We
confirm that most of the information for the BAO and
RSD parameters, which are key for cosmological studies,
is contained in the first few PC modes (the modes with
the largest variances), making it natural to remove the
PC modes with relatively small variances. Quantitatively,
we find that using 150 out of 500 PC modes, one is able
to recover all the information for a joint BAO and RSD
study, and only 25 out of 500 modes are required for a
RSD-only analysis. Being orthogonal to each other, the
PC modes kept form a natural reservoir to store key infor-
mation for general cosmological analysis, without redun-
dancy. To associate the PC modes with the concerning
parameters, we optimally combine the PC modes using
the KL compression scheme, so that all the information
for each individual parameter is contained in one single
mode. These parameter-specific modes are found to be
robust against survey specifications, thus can be used for
a rapid projection of BAO and RSD parameters with-
out starting from scratch. Our method uses a mixture of
simulations (for covariance matrix estimation) and an-
alytic theory for the parameter dependence of the BAO
and RSD effects. It therefore still depends to some extent
7on having a correct theory for nonlinear effects. But the
virtue of this framework is that it can be readily updated
to incorporate revisions to theory. In any case, the pat-
terns in our optimal modes can be used as an invaluable
guide for an optimization of forthcoming galaxy surveys
such as Dark Energy Spectroscopic Instrument (DESI)
[13], the Subaru Prime Focus Spectrograph (PFS) [14]
and the Euclid mission [15].
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